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Abstract 



We consider the second order Cauchy problem 

£<+ |A^/Vr^^M£ + < = 0, UeiO)=Uo^O, <(0)=Mi 

where e > 0, is an Hilbert space, A is a self-adjoint positive operator on H with dense 
domain D{A), {uo,ui) e D{A) x D{A^/^), and 7 > 0. 

We study accurately the decay as t goes to infinity of the solutions, provided that 
e is small enough. In particular we obtain a new estimate on u" and we show that the 
renormalized functions (1 + ty^^'^'^\ue{t), (1 + t)u'^{t)) have a non zero limit in D{A) x 
D{A^^^) as t goes to infinity. Moreover we calculate explicitly the norm of these limit 
and we prove that they do not depend on the initial data. 
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1 Introduction 

Let if be a real Hilbert space. Given x and y in H, \x\ denotes the norm of x, and {x, y) 
denotes the scalar product of x and y. Let A be a self-adjoint linear operator on H with 
dense domain D{A). We always assume that A is coercive, namely {Au,u) > ao\u\'^ for 
every u G D{A). For any such operator the power A'^ is defined for every o; > in a 
suitable domain D{A°'). 

For every £ > we consider the second order Cauchy problem 



where Uq G D{A), ui G D{A^^'^). This problem is just an abstract setting (with m(r) = 
r'^) of the initial boundary value problem for the hyperbolic partial differential equation 



in a bounded open set fl C M", where m is a non negative function. This equation 
is a model for the damped small transversal vibrations of an elastic string {n — 1) or 
membrane (n = 2) with uniform density e. 

Equations as (1.1) or (1.3) have been intensely studied from '80 both in the case of 
an operator A coercive and in the case of an only nonnegative operator. In particular 
it was extensively considered the case of a function m in the class, both in the 
nondegenerate case (m > c > 0) and in the mildly degenerate case (m(|y4^/^Mop) 7^ 0). 
For a more complete discussion on this argument we refer to the survey [8] and to the 
references contained therein. Here we concentrate shortly only on few of the results 
concerning the existence of global solutions and their behaviour at the infinity. First of 
all let us remind that there arc not substantial differences between coercive and only 
nonnegative operators with respect to the existence of global solutions, while there are 
differences regarding the asymptotic behaviour. Indeed in the case of only nonnegative 
operators the estimates that one can obtain on IA^/^m^I are in general worse (see [6]). All 
the results we state explicitly regarding the decay of the solutions must then be thought 
in the coercive case. We point out that the existence of a global solution for small data 
was proved firstly in the nondegenerate case of m > c > in [1] and in [18], then in 
the mildly degenerate case of (1.1) - (1.2) by K. NiSHlHARA AND Y. Yamada [14] if 
7 > 1 and in [3] - [4] when < 7 < 1. In all these papers it was also considered the 
behaviour at the infinity of the solutions and some, in general non optimal, estimates 
were obtained (sec also [2], [9], [10] [13] and [17] for the nondegenerate case). In the 
mildly degenerate case of (1.1) good estimates on IA^/^m^I, \Aue\, \u'^\ were proved firstly 
by T. MIZUMACHI ([11], [12]) and K. Ono ([15], [16]) when 7 = 1 and then for any 
7 > in [6] , [7] (see Theorem 1 for the precise statement in the coercive case) . It is clear 



£<(t) + \A^/\,{t)\''''Au,{t) + u',{t) =0, > 0, 

uM = lio 7^ 0, u'M = ^^1, 



(1.1) 
(1.2) 



(PDE) 




(1.3) 



1 



that estimates on |74^/^ii£|, \Aus\, \u'J produce estimates also on u". These estimates 
are in general not sharp, as it was shown when 7 = 1 in [15]. Indeed in this last case 
the obvious estimate gives (1 + t)^\u'^{t)\'^ < C^, while K. Ono proved that at least one 
has (1 < C,. 

Wc proposed to clarify more precisely the behaviour of the solutions of (1.1) - 
(1.2), by studying the problem from a new point of view. We prove indeed that 
not only estimates as (2.1)-(2.3) hold true, but in fact the renormalized functions 
(l + t)i/(27)(^^(t)^ (l + t)M^(t)) have a non zero limit {u^,oo,Vs,oo) in D{A) x DiA^/"^). Of 
such limits we can calculate explicitly the norms, that do not depend on the initial data 
or £. As a consequence we obtain sharp estimates on the decay of the solutions of (1.1) 
in D{A) X D(A^/'^). Equally important we can express explicitly the relation between 
^£^00 ^-nd f£,oo- This allows us also to obtain better estimates on u", indeed for example 
in the case of 7 = 1 our estimates give (see Theorem 2.3): 

For our purpose in the following we assume that H has a countable basis made by 
eigenvectors of A, that is obviously verified in the concrete case of (1.3). It is well 
known that in fact it is enough to assume that initial data in (1.2) can be written in 
Fourier series with respect to eigenvectors of A, because in such a case this is also true 
for the solution of (1.1). This hypothesis allows us to prove (see Theorem 2.3 and (2.19), 
(2.20)) that actually the norms of Ue^oo in D{A) and of ^^^00 in D(A^^'^) depend only on 
7 and on the smallest eigenvalue of A. This surprising behaviour depends on the fact 
that actually the behaviour of the solutions of (1.1) is due only to the components of 
Ue related to the smallest eigenvalue of A (see Theorem 2.1). This type of estimates 
so precise should allow us to obtain decay-error estimates in the study of the singular 
perturbation problem, that consists in setting formally e = in (1.1) and study the 
difference between Us and the solution of the new first order problem obtained in such 
a way (see [8] and [9] for an introduction of the problem and its treatment in the non 
degenerate case). 

The outline of the paper is the following. In Section 2 to begin with we recall the 
hold result we need on the existence of global solutions of (1.1) and their decay and we 
introduce some preliminary notations, then we state the main results. In section 3 we 
prove the results. This last section is divided in various parts. First of all we prove a 
general linear result that we use in particular for proving Theorem 2.1, then we study 
the properties of the components of the solution of (1.1) and finally prove Theorem 2.3. 
Let us stress that Theorem 2.1 is in fact a linear result whereas proof of Theorem 2.3 
requires a new type of nonlinear approach. 
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2 Statements 



2.1 Notations and preliminaries 

Let us stress that we assumed that the operator A is coercive. The following result is 
well known and it is a consequence of [14], [4] (see also [5] for the study of the case 
of more general functions m) for the part concerning the existence of global solutions, 
while it follows from [6] [7] (see also [11], [12], [14], [15], [16]) for the part concerning 
the decay of solutions. 

Theorem 1 Let {uq,ui) G D{A) x D{A^^'^). Let 7 > 0, then for e small the mildly 
degenerate problem (1.1), (1.2) has a unique global solution 

u, e C\[0, +oo[, H) n C\[0, +oo[, D{A'/^)) n C0([0, +oo[, D{A)) 

such that 

, \, < |AVV(t)|^< , \, Vi>0, (2.1) 

(l + t)V7 - I £WI - (^1 + ^)1/7 - ' ^ ^ 

—J^l— < lAuM"" < 7V^%r Vi>0, (2.2) 
(l + t)V7-i ^^^1 - (l + t)V7 - ' ^ ^ 



where the constants Ki and K2 do not depend on e. 



(2.3) 



In the following we assume always that £ < 1 is small enough so that Theorem 1 holds 
true. 

Let us now set 

b,{t) := \A'/\,{t)\'\ = l^'/'«o|'^ =: 60- (2.4) 

An immediate consequence of Theorem 1 is that 

^3 <,^(,)<^. \m<J^±. «>0. (2.5) 



1 + t- ' - l + f be{t) - 1 + t 

where the constants K3 and K4 do not depend on e. 
Moreover let us define 



B, 



:(t)^ fhe{s)ds. (2.6) 
Jo 



From (2.5) we know that B^{t) — )■ +00 as t — )■ +cxd, and we have also a non optimal 
but e independent estimate on the speed wherewith it diverges. We propose to obtain 
sharp estimates on the behaviour of and, as a consequence, also on u^. 
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Before proceeding, we introduce some general notations. Let {ek)k be a countable 
basis of H made by eigenvectors of A, and be the corresponding eigenvalues, that is 

Aek = Xlck, yk; 

therefore for every u & H we have that 

k 

In particular if is the solution of (1.1), (1-2), then 

k 

where Ue^k solves 

+ beit)XlUe,k{t) + U',^,{t) = 0, Ue,kiO) = Uo,k, <fc(0) = u,,k. (2.7) 

Let us now define for A > 0: 

Hx:^ <u e H : u = ^ UkCk > , -^{a} := <u e H : u = ^ tifcCfc > , 

I k:Xk>X ) I k:\k=\ ) 

H[\,u,) := <u e H ^ UkCk } , 



and 



Let moreover i/ be defined by: 

u min{Afc : ito,fc 7^ 0, or Wi^fc 7^ 0}. 

Since the components of solves (2.7) then we can assume sine loss of generality that 
u"^ is the smallest eigenvalue of A, that is A = A„, and that 

{Au,u) > V-u e D{A). (2.8) 

Moreover for every /i > 1/ we can decompose u & H as 

Uu + u^ + U^ (2.9) 

where G and G H^. 

Finally for every \ > u \ei us define the corrector ^ G -f^A as the solution of 

+ e»e,A = 0, e,,A(0)=0, e^(0) = C/i,A + MAt/0,A. (2.10) 
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2.2 Statements 

We are now ready to state our results. The first one concerns the decay of the compo- 
nents of Us- 

Theorem 2.1 Let be the solution of (1.1), (1-2) as in Theorem 1 with (mo,Mi) G 
D{A) X D^A^/"^) and let X> u. Then for e small ( depending on X) we have the following 
inequalities. 

1. For /i = 0, 1 there exist constants ■jh,\ independent of e such that: 

^2X^B.it) l^s^^^^^^l^ + j < 7M yt > 0. (2.11) 

2. There exists a constant jx independent of s such that: 



^2X-B.(t) Kx(^)\\ ^^>Q_ ^2.12) 



3. There exists a constant such that: 

e^>^''^^(^)\^Ml_^A^<^^^^ yt>0. (2.13) 

Moreover if{uo,Ui) e D{A'^) x D{A^/^), then we can take also ^^^x independent of 
e. 

Remcirk 2.2 Theorem 2.1 is in fact a hnear result, indeed in the proof we use only that 
'^e,k verifies (2.7) for every k with a coefficient that satisfies (2.5). This means that 
if the initial data are more regular then estimates like (2.11) - (2.12) - (2.13) hold true 
also for A^/'^Ue,x with suitable large h. 

Theorem 2.1 says that the components of related to big eigenvalues decay faster 
of the component related to the smallest one and as more faster it depends on the 
behaviour of B^. The following result clarifies this aspect. 

Theorem 2.3 Let be the solution of (1-1), (1-2) as in Theorem 1 with {uq,Ui) G 
D{A) X D[A^/'^). Then for e small there exists a non zero vector u^^oo G such that 
as t ^ +oo: 

{l + t)'/^'^\u,{t),{l + t)u'M ^ {u,,oo,-^u,,oo), ^n D{A) x D{A'/'). (2.14) 

27 

Moreover the following properties hold true. 
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1. There exist constants K^^i, K^ 2 such that for all t > we have: 

^ < e-2-^^^(*) < (2.15) 
1+t - ~ 1+t ^ ^ 

Furthermore if Uq^^, ^ then we can take K^^i and K^ 2 independent of e. 

2. The following limits hold true for t — > +oo; 

(l+t)6,(i)^5^; (2.16) 

3. There exists a constant such that for allt>0 we have 

WM' < K.^^r^^ (2.18) 

Let us now give some observations on Theorem 2.3. 

• Inequalities (2.15) together with (2.17) and Theorem 2.1 say that how much U^^x 
decay faster of u^^u depends on }? jv^ . 

• Prom hmits in (2.14) and (2.17) we have that 

1 



and it is also obvious that as t ^ +oo we have that 

(l + t)V^|AV2«.(t)r^^^^; (l + ^)^/lAu.(t)P^^^-^; (2.19) 

(l + ^)^+^/^|<(t)|^^ ,^ , , (l + i)2+V7|^l/2„^(^)|2^ 



(2i/27)2+l/T' ^ ' ! I (21/2^)2+1/7' 

(2.20) 

hence the behaviour at the infinity of the norms do not depends on the initial 
conditions. 

Limits in (2.19) clarify the estimates in (2.1) and (2.2) and show that the estimate 
in (2.3) is sharp and that a similar estimate holds true (maybe with constants 
depending on e) also for |yl^/2M^|. 
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• The estimate in (2.18) looks better of all the previous known on the second deriva- 
tive of u^, moreover it seems optimal, indeed the rate decay is the same as in the 
limit case e = with only one real component (in such a case we have only to 
solve the ordinary real differential equation y' + I'^y^^'^^ = 0). 

• Theorem 2.1 and Theorem 2.3 say that as in the case of a linear equation (with 
a coefficient b{t) verifying (2.5)) the decay of the solution is decided only by the 
smallest eigenvalue i^^ for which there are non zero components of the initial data. 
Nevertheless in our case the decay rate does not depend on i/^. 



3 Proofs 

In some of the proofs we employ the following simple comparison result that has already 
been used in various forms in a lot of papers, starting from [5]. 

Lemma 3.1 Let f e C^([0, +oo)) and let us assume that f{t) > in [0, +cxd), and that 
there exist two constants > 0, Kq > such that 

fit) < -i^5 vTW (vTW - Ke) yt > 0. 

Then we have that f{t) < max{/(0), Kq} for every t > 0. 

We divide the proofs in various parts. First we prove two basic propositions on linear 
equations. Then we prove Theorem 2.1. After we study the decomposition of made 
by (2.9) and finally we prove Theorem 2.3. 

3.1 Linear equations and estimates 

Let M be a self-adjoint linear operator on H. Let us assume that 

{Mw,w) >al^\w\'^ yweD{M). (3.1) 

For h > let us denote by \w\£)(^M^') the norm of the vector w in the space D[M^). 
Let us assume that h : [0, +oo[— >]0, +oo[ is a function that verifies 

hitX^ m<J^ \m<^ yt>0 (32) 

where K^^ and are the constants in (2.5). For simplicity in the following we use these 
notations: 

(1 + 6(0)-^ + 6(0)-2) ilu^H, 



\u\? 
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lkllD(MV2) = I^Id(mV2) (1 + b{0)-' + 6(0)-') Hue L>(MV2). 

Let V, e C2([0, +oo[, H) n Ci([0, +oo[, L>(MV2)) n C°([0, +(X)[, i?(M)) be the solution 
of the problem: 

ev'^{t) + b{t)Mve{t) + v'^{t) = 0, v,{0) =voe D{M), v'M = vi e D{M^/^). (3.3) 
Moreover let 9^ be the solution of 

e9'^{t) + 9',{t) = 0, ^,(0) = 0, ^^(0) =vi + b{0)Mvo, (3.4) 
so that 9e{t) = e9'^{0){l - e"*/^), and let us set 

We = Vs- 9e. 

Finally let B defined as in (2.6) (using b{t) in place of of course). 
Therefore the following propositions hold true. 

Proposition 3.2 Leth>l and let us assume that (fo,fi) G D{M^''+^'^/'^) x D{M^/^). 
Then for e small depending only on (t\j, and ( and not on the initial data or h ), 
for all t >0 we have that: 

^2.l,Bit) + |M('^+^)/2.,(t)p) < Lo(||.J^(^./.) + |.olL(M.>.i)/2)) =: L,,M, 

ik l)/2 , 2 ^^-^^ 

^2.|,B(oM!:^^!!^ < i^i(lki|lL(MV.) + l^olLcMC^+i)/^)) H,,M, (3.6) 
where Lq and Li depend only on a\j, and K^. 

Proposition 3.3 Let us assume that {vq,vi) E D{M'^) x D{M'^/'^). Then for e small 
depending only on aj^, and K4 and not on the initial data we have that 

where L2 depends only on aj^, and K4. 

Now let us prove Proposition 3.2 and Proposition 3.3. 



8 



Proof of Proposition 3.2 Let us denote by Cj and Cj various constants that depend 
only on o"^, and K^. 

The outhne of the proof is the following. Firstly {Step 1), we prove, for every h >0, 
that 

if we have that 

gS^BWlM'^/VWr < Vi>0 (3.8) 

then for aUt>0 we get that 



< 16(7^-Rh + Co(||'i;i||^(jy^V2) + |'i'o|^(M(h+l)/2))- 

(3.9) 



Since problem (3.3) is linear it is enough to prove this estimate ior h — 0. 
Then {Step 2) we show that lor h — 1 we have (3.8) with 

Ri = C'i(||fi||^^^i/2) + \vo\d(m))- 



(3.10) 



Using (3.10) in (3.9) with h = 1 we can then conclude that (3.5) holds true ii h — 1. 
Since (3.3) is linear, (3.5) will proved for every h > 1. 

In conclusion for proving (3.5) we have only to prove (3.9) with h = and (3.10). 

Finally {Step 3) we prove (3.6). Also in this case it is enough to consider the case 
/i = 1. 

For q; > let us introduce the following energies that we use in the proofs: 



2aB(t) 



Da{t) := e 



E^{t) e^^^W 



Fa{t) := e 



2aB(t) 



{svi{t),V,{t)) + ^\Ve{t)\' 

mi 

m ■ 



An easy calculation shows that 



1 2 



E'=-e 



2aB re I 



2aeb 



) 



^2aB 



(3.11) 
(3.12) 

(3.13) 



Step 1 - Proof of (3.9) with h = Let us choose a — 2cr|f := ao- 
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Estimate on D^q We prove that, if e is small enough, for alH > we have that 

Jo 

+Cse f e2"o^(^)Mi4^ds + 2i?oe"°^W. (3.14) 
Jo K^) 

By (3.8) we obtain that 

2aobDao = 2aoebe'^'^°^{v'^,Ve ) + aobe^°'°^\ve\'^ 

< aoe%e''^°^\v'f + 2aobe^^°^\v,\^ 

< ao£^62g2aoB^ + 2aoi?o&e""^. (3.15) 



Prom (3.11) and (3.15) we therefore get that 

D'ao + e'"°^6|MV2^;^|2 < ^ Q,p£{,2>)g2aoB ^ 2Q;oi?o&e"°^. (3.16) 
Since from (3.2) the function 6 is bounded by K4 then integrating (3.16) we arrive at 



f e'"'°''^''^b{s)\M'/\,{s)fds < D^M-Dao{t) + ec, T e^aoB^Miflf (is + 2i?oe"°^(*). 
Jo Jo b[s) 

(3.17) 

Since £ < 1 and b is bounded, we can estimate D^^iQ) and Da^{t) as follows: 

|/^ao(0)| < ^|t^l||t'0| + ^|t'0r< It^ll'+I^^or, (3.18) 

< ]^s^e^'-'''^'^\^^^^h{t)<C2e^e^"'''^'^^-^^^^. (3.19) 
Plugging (3.18) - (3.19) in (3.17) we achieve (3.14). 

Proof of (3.9) Integrating (3.12) and using (3.14) we get that 

^ao(t) < ^ao(0)-2^'"°^(^)^^(^2 + £^-2ao^6(5)-2aoC3£^^ 

+2aoC2£^e2°°^W^|^ + 2ao(|^;ir + ^0!') + 4aoit:oe"°^W . (3.20) 
o[t) 
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Thanks to (3.2) we can take e small enough in such a way that 

2-2e sup - 4(j^£ sup b{t) - Aal^eC^ > 1, (3.21) 

t>0 0[t) t>0 

4(7^C2£ < ^. (3.22) 
Plugging (3.21) and (3.22) in (3.20) we obtain that 

Eaoit) < -^ + |MV2^or + ^£^ao(^) + 2ao(|^ir + |^or)+4aoi?oe"°^(*) 
from which 

Since ao = 2a'j^, hence (3.9) immediately follows dividing all terms by e""^*^*). 
Step 2 - Proof of (3.10) For begin with, let us choose 

« = - ^ /3- (3.23) 
Firstly wc prove that for e small and /i = 0, /i = 1 we have for all t > that: 

^2,Bit) + \M^^^^)l\,it)\'^ < C,{\\vA\l,^.^., + |.o|L(M(...)/.)), (3.24) 
and 

e^^^(*)^ < C^5(||^i||^(MV.) + l-olL(M))- (3.25) 
Since (3.3) is hnear it is enough to prove (3.24) with h — Q. 

Estimate on We prove that, if e si small enough, for alH > we have that 



I e^P^'^%{s)\M^'^v,{s)\^ds < C6(|^;i|' + |^;o|') + C7£V^^W- 
Jo 

+C^e re2/3B(-)M(4£ds. (3.26) 
Jo o[s) 

Prom (3.1) we obtain that 

2 



We? , ^ 

'M 
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< psh''^^''^-^ + ^{l + s)he^^''\M^'\,\\ (3.27) 



Prom (3.11) and (3.27) we therefore get that 

D'f,+ (l-^{l + e)] e2^^6|MV2^,|2 < s(b + ^6^)6^^^^. (3.28) 
Since by (3.2) the function b is bounded then integrating (3.28) we arrive at 

\ '^M J Jo 

Jo 

We can estimate -D^(O) and -D^(t) as is (3.18) and (3.19), furthermore since (3 < a\j we 
can take e small enough in such a way that 

l-4-(l + £)>C5>0. (3.30) 

Plugging (3.30), (3.18), (3.19) (with /3 instead of a^) in (3.29) we achieve (3.26). 

Proof of (3.24) with /i = Integrating (3.12) and using (3.26) we get that 

E^it) < E^(0)-£e2''^(^)M|fl^ (^2 + £^-2/3e6(5)-2/3eC^^ 

+2^C7£^e2'^^wM||£ + 2pC,i\v,\' + |t;on. (3.31) 
Thanks to (3.2) we can take e small enough in such a way that 

2 - 2£ sup - 2/35 sup b{t) - 2peC8 > 1, (3.32) 

t>o b{t) t>o 

2;9C7£ < ^. (3.33) 
Plugging (3.32) and (3.33) in (3.31) we obtain that 

E^{t) < ^ + \M'/'vo\' + 2f3Ce{\v^\' + \vo\') + ^E^it), 
from which (3.24) immediately follows. 
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Proof of (3.25) Plugging (3.32) in (3.13) we have that 
Applying (3.24) with /i = 1 we then obtain that 

hence from Lemma 3.1 we get that 

F^{t) < max{F^(0),4C4(||t;i||^(^V2) + \vo\1^m))}, Vt > 0, 
that is (3.25). 

Proof of (3.10) Since (3.9) holds true, it is enough to prove that (3.8) holds true 
with h = and 

i?o = t^9(||^i|lL(MV2) + l^olD(M))- (3.34) 
To this end let us set a = a\j. By (3.1) we obtain that 

< al,e'e'"'MB\^',\'' + h''e'"'MB\My\^\^ + 6e^-l.^|MV2^,|2. (3.35) 
Moreover from (3.2) and (3.23) we have that 

g2(7l^B(t) ^ g2/3B(t)g2((Tl^-/3)B(t) ^ g2/3B(t)g2i^4((Tl^-/9) log(l+t) ^ + tf'^, (3.36) 

hence using once again (3.2) and (3.24) with /i = 0, inequality (3.35) becomes 

< <7L£V'^M^|^:r + c,(l + i)-^/^(||.;,||^ + |.;o|^(^v.)) + 

+he^<''\M^'\,\\ (3.37) 

Plugging (3.37) into (3.11) and integrating we obtain that 

D^.Jt) < D^.J0) + cs{\\v,r + kolL(MV.)) e2<^(^)^^62(.)(l + sal,) ds. 

(3.38) 
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Prom (3.36), (3.25) and (3.2) we get that 

< C'5(||^l|lV/^) + |^^0lV/))&'(t)(l+t)'/' 

< c,{\\v4l^^,/,^ + \vo\l(M))i^ + t)-'^'- (3.39) 
Plugging (3.39) into (3.38) we arrive at 

^e2-M^W|^,(t)r < P.i,(0)| + £e2'^-^|K(t),^.(t))| + C8(||^i|p + l^ol^v.)) + 

+£Cio(||^;i|| 

< Cn(||.i||L(MV.) + ko|l.(M)) + ^^e-M^W^6^(t) + \e^<^('^\vM' 

< Ci2(||^^i||^(Mi/^) + \vo\l^M)) + |e2'^M^«|t;,(t)|2. 
By this last inequality (3.34) immediately follows. 

Step 3 - Proof of (3.6) with h^l Let a = aj^. Prom (3.13), (3.21) and (3.5) 
used with h = 1 we deduce that 

Kl, < - - 2|M..|e<^) < - 2^) . 

We can then apply Lemma 3.1, hence for alH > we have that 

F^2jt) < max{F,|^(0),4Li,M} < F^^JO) + iL,,M, 

therefore (3.6) holds true. 
□ 

Proof of Proposition 3.3 Let us take e small enough in such a way that we can 
apply Proposition 3.2 (with h = 3 and h = 1). 

Pirstly let us observe that satisfies the following problem 

ew"{t) + wi(t) = -b(t)Mv,(t), w,(0) = vq, w'^(0) = -b(0)Mvo, w"(0) = 0. (3.40) 

If we set 



G{t) := e^'^MBit) 
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therefore from (3.40) we have that 

G'^G \2alh - 4- j - --^K, -< - bMvi - h'Mv,). 
Hence we immediately get that 

G' < --G {2 - 2albe + Ae^-^ + \Jg + ^|M^,|) . (3.41) 

Thanks to (3.2) we can take e small enough so that 

2 - 2£(7^ sup h{t) - As sup i^y^ > 1. (3.42) 

t>0 t>o 

Using (3.42), (3.2), (3.5) with /i = 1 and (3.6) with /i = 3 in (3.41) we obtain that 

G' < --^VG (VG - c,i\\v4l^^y,^ + l^ol V))'^') ' 

with a constant ci that depends only on aj^ and K3, K4. Thus we can apply Lemma 
3.1, from which we have that 

G{t) < max{G(0),c?(||^;i||^^^3/.) + ko|^(M^))}, Vt > 0. 

Since G{0) — thesis is proved. □ 



3 . 2 Proof of Theorem 2 . 1 

We denote by q^a various constants that depend only on A and on |Mo|D(y4), |wi|£)(^i/2). 

To begin with let us recall that thanks to (2.5) functions verify (3.2) independently 
of e. Let us also stress that by (2.4) we have b^iO) — bo independent of e. 

To obtain inequalities (2.11) and (2.12) it is enough to apply Proposition 3.2 with 
M = Ax, b(t) = beit) and a\j = (taking of course s small enough); indeed in such a 
case Ue,\ solves (3.3). 

Now let us prove (2.13). 

When the initial data are regular we can apply directly Proposition 3.3 with M — Ax 

and we obtain (2.13) with a constant that does not depend on e. 

Now let us consider the general case in which (uq, ui) e -0(^4) x D(A^^'^). Let us set 

where is the constant in (2.5). Then we can write 
We estimate separately — 9";^ and C/^'^ — O"^^- 
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Estimate on U"^ — ©^'^ We prove that for every t >0 we have that: 

e^^^^^(*)^|t/:,W - KM < '-f- (3-43) 

Let us assume that M = A^, b{t) = beit) and that e is small enough in such a way 
that we can apply Proposition 3.2 with these choices. Then from (3.3), (3.5), (3.6) with 
h — 1 and (2.5) we obtain that: 



^ '^^lif) (T , r w|| ||2 , |„, |2 ^^2(A2-/^2)^f3log(l+^) 



£2 



+ (3.44) 



£2 



Moreover G^^^ verifies (2.10), thence from (2.5) it follows that: 

g2A2B.(t)|Q//^(^)|2 < J_|Q/^^(Q)|2g-2t/eg2A2Be(t) 



< ^g-2t/eg2A2A'4log(l+t)_ (ZAb) 



- £2 



Using (3.44), (3.45) and (2.5) we get that 



1 

< — 

that is (3.43). 



- £2 



C4,A + C5,A(l+t)'e-V^^^^'°^(^+*) 



- £2 ' 



Estimate on - 6*^';^ Let M = A[x,^,) and 6(t) = he{t). Then V;,a and 6'e,A are 
the solutions of the corresponding problems (3.3) and (3.4). Moreover since ^[a,^) is a 
bounded operator we have that the related initial data (vq, Vi) e D{M'^) x D{M^/'^) and 

\'"o\d{M2) + kl|£)(M3/2) - '^7,A- 



Let £ small in such a way that we can apply Proposition 3.3 with these choices. Then 
- e'l,, and < 



since w'' = V'\ — and a\j = X^, we have that for every t >0: 



^'''^'^'^-^^mt)-elM<cs,x. (3.46) 
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Conclusion The inequality (2.13) in the general case is a straightforward consequence 
of (3.43) and (3.46). □ 



3.3 A decomposition of Ue 

Let Ug be the solution of (1.1) - (1-2) as in Theorem 1 and let u^^u be defined as in (2.9). 
Moreover let us set 

|AVV(t)r = l^'\Ue,M' + I^^.Wr = ^'WeAt)\' + «e,2(i), (3.47) 

- +ae,3{t), — — = -r— \-ae,4{t), (3.48) 



m) m m) m) 

and 

g2.^B.(t)|^^_^|2 ^ e2'^'^^Wa,,i(t) = ^,,i(i), e'^'^^^'^a^^^it) = ^..^(i), (3.49) 

e'^'^^««.,3(t) = /3e,3(t), e2^'^^W«,,4(t) = /3.,4(t). (3.50) 
In the proposition below we study the behaviour of quantities defined in (3.49)-(3.50). 

Proposition 3.4 For e small enough the following properties hold true. 

1. For t — > +00 we have that: 

Mt)^0, /3e,2(i)^0, /3e,3(i)^0, /^^(i) ^ 0, (3.51) 

/3,,o{t)^L,eR\{0}. (3.52) 

2. If Mo,i/ 7^ then there exists a constant > independent of e and t such that 

Mt) > ^7, yt > 0. (3.53) 

Proof of Proposition 3.4 Let us denote by q various constants that depend only 
on u, \uo\d{a) and |mi|d(ai/2)- 

Proof of (3.51) Let us choose 
Let us assume that e is small enough so that we can use Theorem 2.1 with X — 6. 
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We can rewrite the quantities in (3.47) and (3.48) as: 

ae,h{t)= Yl Af|M,,fc(t)|=^ + |A''/V,,5(t)|2 = a,,;,,i(t)+ae,/,,2(t), for h=l,2, 
and for /i = 3, 4: 

' \k:u<\k<5 / 

Since it holds true that: 

|^V2f/^,,(t)P_£|AV2t/;,(t)pl 1 



hlit) hit) eh^ity 

thence thanks to (2.11) with h — Q and h — 1 and (2.5) we have that 

e2^'^^(*)(a,,i,2(t) + a,,2,2{t) + «e,3,2(t) + «e,4,2(i)) < 

Hence we get that 

hm e'"'-^^(*)(«e,i,2(^) + «e,2,2(i) + ae,3,2(t) + Oi,,^,2{i)) = 0. (3.54) 

For 1/ < Afc < 5 let us now consider b{t) = bs(t) and M = A^x^^j. Then from (2.5) 
the function b verifies (3.2) and M verifies (3.1) with aj^ = A^. Let e small enough so 
that we can apply Proposition 3.2 with such choices. We stress that since u < Xk < S 
we can take the smallness of e independent of A^. Since > u and X^ < 5 moreover 
from (3.5) and (3.6) (with h = 1) we have that: 

e2'^'^^(*)(Q;,,i,i(i) + a,,2,i{t) + a.,3,i(^) + «e,4,i(^)) 

< C4 E (A^ + Xt + l){\uo,k\' + ki,.ne^('^^-^^^)^^W 

<C5 E iM' + M'y^'''-''^^'''^'^- (3-55) 

k:i'<Xk<S 

We can therefore passing to the hmit in (3.55) so that 

< limt_+,, e2'^'^^W(a,,i,i(t) + a,,2,i(i) + a^sAt) + «e,4,i(i)) < 

<c, T lim (|«o,.r + ki,.r)e^('^'-^'^)^^(*) = 0. (3.56) 

k:i'<\k<S 

Prom (3.54) and (3.56) we get immediately (3.51). 
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Proof of (3.52) - (3.53) Let us set y^{t) := \u^^^{t)\'^. Then solves: 

y', = -2u\y, - 2e{u,,,, (3.57) 
thence for alH > we get that 

g2.^s.(*)^^(i) ^ |^„^^|2 _ 2e [\u,^.{s),u%{s))e'^'^^^'^ds. (3.58) 

Let us now estimate {u^^y^u'l, J) . Let us choose M = A^^^j, b{t) = bs{t) and let e small so 
that we can apply Proposition 3.2 and Proposition 3.3 (with = u^^y). This is possible 
since in such a case 

I'"'1>''Id(M3/2) + l'"'0,i/|i)(M2) < c%{\ui,u\^ + \uq,u\^). 
Moreover clearly we have that 

\u,,,{t)\^^v-^\Mu,,,{t)\\ 
Then from (3.5) with h — 1 and (3.7), using (2.5) (or equivalently (3.2)) we obtain that 

|(«,,.(i),<,(t))|e2''^^^W < \u^,^m\w'^{t)\ + |^^^'(t)|)e2'^^^^W 



< c,{\\u,A\ + l^^o,.!) {^^^m + ^l^e(0)|e-*/^) e 



Using that 



supe-*/2e'^'^^i°s(i+t)<+oo, 



hence we arrive at 

IK.(t),<.(t))|e^'^^^^W < Cio(||«i,.ir + |«o,.r) (^j^ + i 
From (3.59) thus we get for alH > that 



-t/2e 



(3.59) 



< r|(«,,.(.),<,(.))|e2^'^^(^)d5 
Jo 



(3.60) 
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and also ^ 

lim [ {u,^{s),u''{s))e'^'''^'^'Us^S,eR. (3.61) 

Therefore from (3.58) and (3.61) we have that there exists 

hm e2'^'«^(*)y,(i) = \uo,.\' - 2eS,. 

We have to prove that this hmit is not zero. 

Case uo^^ ^ 0. By (3.60), for e small we have that 

2e 







< huo,u\^ yt > 0, 



2' 



hence (3.53) follows from (3.58) and, as a consequence, the limit in (3.52) is different 
from zero. 

Case Mo,i/ = 0. Since ui^y 7^ 0, then there exists a single real component of ui^i, 
different from zero, that we indicate by ui^u,r- Let Us,u,r the related component of u^^u- 
We prove that 

^hm^e^^'^^W|K,,.,,(i)|VO. (3.62) 

This will be enough to prove that hmit in (3.52) is not zero. 

To begin with, let us remark that there exists > such that 

Indeed if it is not the case, then til £ ij f IS 3j strictly increasing or decreasing function and 
since Us,u,r{^) = 0, therefore we get that 

lim u^^^A^) ^ 0, 

t— >-+oo 

but this is in contrast with (2.1), since \A^I'^Ue{t)'\^ > i^^|'W£,i/,r(^)P for aU t > 0. 
Let now us set 

r,,o := sup{r > : <_,,,(t) 7^ 0, Vt G [0,r]}. 
As seen before, T^f^ is a real positive number, moreover 

4,i.,r(^£,o) = 0, 

and in [0, T^^ol the function u^^v^r is strictly increasing or decreasing, so that 
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Therefore, as in (3.57) - (3.58) for t > T^^ we have that 

Now for t > 0, let us set Vs{t) = Us,u,r{t + T^q)- Then verifies (3.3) with M — A^,^y 
restricted to the single component Us,u,r, b{t) — be{t + T^^) and initial data ^£(0) = P^, 
v'^{0) = 0. Thanks to (2.5) it is clear that the function b verifies (3.2). Therefore we can 
obtain as in (3.59) and (3.60): 



«e,.,.(.)<.,.(«)e^'^^(^^(^)-^^(^^'°))c^. 



Te,0 



Only we have to specify that 



(3.64) 



sup e-(*-^^.o)/2e'^'^^(i°s(i+*)-'°g(i+^-°)) <supe-*/2e'^'^4i°g(i+*) < +oo. 
Let now e be small enough so that ecu < 1/2, then from (3.63) and (3.64) we get that 



^2uHB,it)-B^iT,,o)) 



thus the limit in (3.62) is different from zero. □ 



3.4 Proof of Theorem 2.3 

Let us assume that e is small enough so that Theorem 2.1 with \ = u and Proposition 
3.4 hold true. Let us moreover denote by q various constants that depend only on u, 
|'^o|d(A) and |tii|i:)(^i/2) and by Cj^^ constants that depend also on e. 

Proof of (2.15) Since the limit in (3.52) is different from zero, hence there exists 
Te^i > such that: 

and in particular 

\ueAt)\>0, Vt>T,,i. 

Let us remark that if mq,;/ 7^ 0, then thanks to (3.53) we can take T^^i = 0. 
Thanks to (3.47) and (2.4) for t > T^^i we have that 
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Since for all x > there exists < ^ < x such that 

then for t > T^^i we can rewrite (3.65) as 

b^^t)e'^''rB.it) ^ ^2,^.^(^) ^ ^ ^""^Ut) + Ut), (3.66) 
where if 7 < 1 then 

< (t>e{t) < c,P]^'m,i{t), (3.67) 

while if 7 > 1 then 

0<Mt)<C2Ploit)(l + j^y '|^<C2(/3.,o(t) + /3.,i(t))^-^/3e,i(^)- (3.68) 
Integrating (3.66) we get that 



t 

27 /q7 



u"^^l,{s) + Ms) ds 



yt > 7;,i. (3.69) 



From (3.52), (3.51) and (3.67) or (3.68) we immediately obtain that 

lim 

1 + t 



lim__^ [ PUs)ds = L], (3.70) 
lim <j),{t) = 0, (3.71) 

t— >+oo 

1 f' 

lim / (/)eis)ds = 0. (3.72) 

1 + t J/p^ 

from (3.69), (3.70) and (3.72) we then deduce that 

lim J_e^'^'jB4t) ^ 2i/2(T+i)7LJ. (3.73) 

1 + t 

This non zero limit proves (2.15) with constants depending on e. 

Let us now assume that mq,;/ 7^ so that T^^i = and (3.53) holds true. Then from 
(3.69) we obtain that 

g2.^B,(t) > ^ ^ 2i/2(^+^)7ii'?t, Vt > 0. (3.74) 

Moreover since = U^^u, from (2.11) of Theorem 2.1 (with h = and X = u) we get 
that 

&,(t)e2^'^^^W = (e2'^'^^(*VV2^^(^)|2)7 < ^7^ 
hence for alH > we have that 

^2u^iB,(t) ^ ^ _^ 2t/2^ f\e^'''''^^'^\A^/\,{s)\^yds < 1 + 2t/2^7(}^,t. (3.75) 
Thus from (3.74) and (3.75) we obtain (2.15) with constants independent of e. 
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Proof of (2.16) Prom (3.69), for t > T^,i we have that 

BAt) = ^ log ||e2^^^^^(^-^) + 2u'^J^ y^'^Us) + Us) 
Taking the derivative of (3.76) we obtain that 



(3.76) 



beit) 



Using (3.70), (3.71), (3.72) and (3.52) we get that 



hm (1 + t%{t) = hm 



that is (2.16). 

Limit of lA^/^Hel We prove that 

lim {l + tf'^\A^/\,{t)\'' 



21/2^' 



(21/27)1/7- 



(3.77) 



To this end it is enough to remark that 

{i+ty/^\A'/\M' = {i^ + t)be{t)y^^ 

and use (2.16). 

Proof of (2.17) From (3.47) wc have that 

(l + i)VV|u,,.(i)|2 = {l + ty/^\A'/\,{t)\'-i^ + ty^'c^eAt) 

= (1 + t)^/^\A^/\,{t)\^ - (1 + i)V^e-2"'^^(*^/3,,i(i). (3.78) 

Prom (2.15) we know that 

(1 + t)i/7e-2.^B.(*) < ^^^^^ > (3 

hence from (3.77), (3.51) and (3.78) we deduce that 

1 



toji + *)"VK,(*)P = p^, 



(3.80) 



whence (2.17) immediately follows. 
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Proof of (2.18) Thanks to (2.13) in Theorem 2.1 we have for alH > that: 

KM < KM - KM + \KM\ < Vl^.hl{t)e-^'^^^'^ + ^|e;,(0)|e-*/^ (3.81) 
Using (3.79) and (2.5) in (3.81) hence we get that 

\uiM\' < c, ( (i^,)U.„ + <=-')' < <=*..(rT^' (^-^^^^ 

that is (2.18), since = U^^y. 

Existence of Ue,oo Thanks to (2.8), (3.79), (3.47), (3.49) and (2.5) we have that for 
all i > 0: 

(1 + tf+'/M{t) - <,M\liAy-) ^ + tfb'MPeAit) < C,,ePeA{t), 

hence from (3.51) we obtain that 

^hm^(i + ty/^Kit) - u,At)\liA) + (1 + tr^'^Mit) - <,M\l(A^f^) - 0- 

Therefore for proving (2.14) we have only to show that the functions (1 + ty^^'^"'^Ue,u{t) 
and (1 + ty~^^^^'^^''u'^ ,^{t) have the required limits. Since 

then we have that 

Jo 

Thanks to (2.18) it is clear that for all t > 0: 

\<M\ < \<it)\ < \/^ (i^^)U(27) ' 



(3.83) 



thus using once again (2.15) we obtain that there exists 

ft 
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Applying (3.73) we finally arrive at 

Furthermore we have also that 

therefore from (2.16), (3.84) and (3.83) we get that 

^hm^(l + t)^+^/^^^)<,.(t) = -^t^e.oo e i^M- (3.85) 

From (3.84), (3.85) and (2.17) the existence of the required non zero limits immediately 
follows. □ 



References 

[1] E. H. DE BritO; The damped elastic stretched string equation generalized: ex- 
istence, uniqueness, regularity and stability. Applicable Anal. 13 (1982), no. 3, 
219-233. 

[2] E. H. DE BritO; Decay estimates for the generalized damped extensible string 
and beam equations. Nonlinear Anal. 8 (1984), no. 12, 1489-1496. 

[3] M. Ghisi; Global solutions for dissipative Kirchhoff strings with m{r) — r'^ (p < 1), 
J. Math. Anal. Appl. 250 (2000), 86-97. 

[4] M. Ghisi; Global solutions for dissipative Kirchhoff strings with non-Lipschitz 
nonlinear term. J. Differential Equations 230 (2006), no. 1, 128-139. 

[5] M. Ghisi, M. Gobbino; Global existence and asymptotic behaviour for a mildly 
degenerate dissipative hyperbolic equation of Kirchhoff type. Asymptot. Anal. 40 
(2004), no. 1, 25-36. 

[6] M. Ghisi, M. Gobbino; Hyperbolic-parabolic singular perturbation for mildly 
degenerate Kirchhoff equations: time-decay estimates. J. Differential Equations 
245 (2008), no. 10, 2979-3007. 



25 



M. Ghisi, M. Gobbino; Mildly degenerate Kirchhoff equations with weak dis- 
sipation: global existence and time decay. J. Differential Equations 248 (2010), 
no. 2, 381-402. 

M. Ghisi, M. Gobbino; Hyperbolic-parabolic singular perturbation for Kirchhoff 
equations with weak dissipation. Rend. 1st. Mat. Univ. Trieste 42 (2010) 67-88. 

H. Hashimoto, T. Yamazaki; Hyperbohc-parabohc singular perturbation for 
quasilinear equations of Kirchhoff type. J. Differential Equations 237 (2007), no. 2, 
491-525. 

M. HOSOYA, Y. Yamada; On some nonlinear wave equations. II. Global existence 
and energy decay of solutions. J. Fac. Sci. Univ. Tokyo Sect. lA Math. 38 (1991), 
no. 2, 239-250. 

T. MizuMACHi; Decay properties of solutions to degenerate wave equations with 
dissipative terms. Adv. Differential Equations 2 (1997), no. 4, 573-592. 

T. MizuMACHi; Time decay of solutions to degenerate Kirchhoff type equation. 
Nonlinear Anal. 33 (1998), no. 3, 235-252. 

K. NiSHlHARA; Exponential decay of solutions of some quasilinear hyperbolic equa- 
tions with linear damping. Nonlinear Anal. 8 (1984), no. 6, 623-636. 

K. NiSHIHARA, Y. Yam ad A; On global solutions of some degenerate quasilinear 
hyperbolic equations with dissipative terms. Funkcial. Ekvac. 33 (1990), no. 1, 
151-159. 

K. Ono; Sharp decay estimates of solutions for mildly degenerate dissipative Kirch- 
hoff equations. Kyushu J. Math. 51 (1997), no. 2, 439-451. 

K. Ono; On global existence and asymptotic stability of solutions of mildly de- 
generate dissipative nonlinear wave equations of Kirchhoff type. Asymptot. Anal. 
16 (1998), no. 3-4, 299-314. 

K. Ono; Asymptotic behavior of solutions for damped Kirchhoff equations in un- 
bounded domain. Commun. Appl. Anal. 3 (1999), no. 1, 101-114. 

Y. YamadA; On some quasilinear wave equations with dissipative terms. Nagoya 
Math. J. 87 (1982), 17-39. 



26 



